In this article, we examine the existece of Hicksian Demand Correspondence and the duality between Marshallian and Hicksian Demand on reflexive Ordered Linear Spaces. We also prove an equilibrium theorem for Hilbert excess demand correspondences.
Demand Correspondences in Infinite Dimensional Spaces
The present article is devoted to the approach on the demand theory problem in infinite-dimensional commodity spaces, which is equivalent to the one of the finite ones, through excess demand correspondence equilibrium theorems. Another approach is the one of the researchers, who study this problem through the existence of supporting prices of the better-off sets of the preferences of the individuals. This is the approach met for example in [12] , [13] , [2] . The essential obstacle in the maximization of the preferences of the individuals in the first approach, is that the budget sets are in most of the cases unbounded. Hence, the exact specification of the excess demand correspondence is not possible in most of the infinite -dimensional commodity spaces, even if the relative theorems exist in the literature for a long time. The key for specifying certain examples of commodity spaces and economies, under these theorems is the [14, Th.4] . In [1] , a Riesz pair of commodity-price duality -Nikaido -Debreu relies on Browder Selection Theorem. The use of Hilbert space is due to the fact that this Lemma uses the duality equality C 00 = C, which is valid in reflexive spaces. The proof is in detail actually the same one to the one of [17, Th.3.1] , also contained for finite -dimensional spaces from the book of [4, Ch.17, Ch.18 ], relying on [6] . What is new in the proof of this Theorem of [17, Th.3.1] is that the cone C is well-based.
We consider the Marshallian Demand optimization problem in the commodity -price duality E, E * :
where
while p is a strictly positive functional of E + , corresponding to a price vector, m denotes the monetary income of the consumer, and u : C → R denotes the utility function of the consumer. The corresponding Hicksian Demand optimization problem in the same commodity -price dual pair E, E * is the following:
while p is a strictly positive functional of E + , corresponding to a price vector as well, and u 0 = u(p, m) is a minimum desirable level of utility. The solution correspondence of the first problem was extensively studied in [14] in partially ordered normed spaces. The essential Theorem of that article is [14, Th.12] : Suppose that in a competitive exchange economy the commodity-price duality is the dual system E, F , the consumption set is a cone C of E and suppose a preference relation defined on P . (i) If E is a normed space, F ⊆ E * , and is locally non-satiated, then p(x) = m, for any x ∈ x(p, m), (ii) if P is σ(E, F )-closed and is σ(E, F )-upper semicontinuous, then the demand set x(p, m) is σ(E, F )-closed, and (iii) if for some topology τ of C, is τ -upper semicontinuous and the budget set B(p, m) is τ -compact, then x(p, m) = ∅. In the statement of the above Theorem, B(p, m) = {x ∈ C|p(x) ≤ m} and we suppose that the utility u : E + → R defines the preference relation u , namely u(x) ≥ u(y) ⇔ x u y. We also suppose that the utility function has an extremely desirable bundle e ∈ C, and weakly semicontinuous, hence u is locally non-satiated and σ(E, E * )-upper semicontinuous. The existence of an extremely desirable bundle e ∈ C for u is that for any ε > 0 and x ∈ C, u(x + εe) > u(x). The existence of extremely desirable bundle e ∈ C for u, implies local non-satiation of u . Hence, we suppose that the assumptions for the existence of the Marshallian demand sets x(p, m) are satisfied. Finally, we assume that u : C → R is concave, namely u(tx + (1 − t)y) ≥ tu(x) + (1 − t)u(y), t ∈ (0, 1).
The Results of the article
For the Hicksian Demand Correspondence, namely for the solution correspondence of the second previously mentioned optimization problem, we have the following Theorem 2.1. In a commodity -price pair E, E * where B(p, m) are σ(E, E * )-compact, then the Hicksian Demand Correspondence exists for the maximum utility v(p, m) of the corresponding Marshallian Demand, if the utility function u has extremely desirable bundles, is concave and upper weakly semicontinuous.
Proof. For the study of the second optimization problem, we may introduce the function (see also [15] ):
Hence, we get
and sup
Since by [14, Th.12 ] the existence of the maximum in the inequality (2) is assured, it suffices to proue the existence of the saddle-point (x, y), in order to assure the existence of the minimum, implied by the inequality (1). For this reason we recall the saddle-point theorem, [?, Cor.3.3]: Let M, N be convex spaces on of which is compact, and f a function on M ×N , quasi-concave-convex, and upper-semicontinuous-lower semicontinuous. Then sup µ∈M inf ν∈N f (µ, ν) = inf ν∈N sup µ∈M f (µ, ν). In the statement of this Theorem, a quasi-concaveconvex function f is quasi-concave on µ and quasi-convex on ν, which implies that {µ ∈ M : f (µ, ν) ≥ c} is convex for any ν ∈ N and any c ∈ R, while {ν ∈ N : f (µ, ν) ≤ c} is convex for any µ ∈ M and any c ∈ R. Hence, we set M to be any budget set B(p, m) (which is convex and σ(E, E * )-compact), N to be the set U u(p,m) (which is convex, since u is concave). µ = x, ν = y in this case, and f :
According to [?, Cor.3.3] , saddle -points of f exist, hence minimization points of p on U u(p,m) , as well.
Under the assumptions of Theorem 2.1, the usual duality condition between expenditure function e(p, u(p, m)) and the indirect utility function u(p, m) (which are both well -defined in this case) holds.
Corollary 2.2. In a commodity -price pair E, E * where B(p, m) are σ(E, E * )-compact, if the utility function u has extremely desirable bundles, is concave and upper weakly semicontinuous, then the expenditure function
is well-defined and e(p, u(p, m)) = m.
Proof. The fact that e(p, u(p, m)) is well-defined is a consequence of the fact that [14, Th.12] implies that the max{u(x)|x ∈ B(p, m)} is achieued, hence the indirect utility function u(p, m) is well-defined. Also, in Theorem 2.1, we proved that the min{p(y)|y ∈ U u(p,m) } is achieved, too. Hence the expenditure function e(p, u(p, m)) is well-defined.
A Gale-Nikaido-Debreu Lemma for Hilbert Spaces
It is well-known that the Gale-Nikaido-Debreu Lemma for finite commodity spaces' excess demand correspondences is the following -see [4, Th.1] , where ∆ denotes the simplex of the R m + , or else the base defined by the vector 1: Let ζ : ∆ → R m an upper hemicontinuous correspondence with nonempty compact convex ualues such that for all p ∈ ∆, p · z for each z ∈ ζ(p). Let N = −R m + . Then {p ∈ ∆ : N ∩ ζ(p) = ∅} of free disposal equilibrium prices is nonempty and compact.
We recall the following Definition 3.1. If φ : E → 2 F is a correspondence and E, Y F are topological spaces, we call the set φ −1 (y) = {x ∈ E : y ∈ φ(x)} lower section of φ. If these sets are open in E for any y ∈ F , we say that φ has open lower sections.
F , is a function f : E → F , such that f (x) ∈ φ(x), for any x ∈ F . If E, F are topological spaces, we say that f is a continuous selector if f is a selector and is also continuous.
We recall the Browder Selection Theorem (see [6] ): A correspondence with nonempty, convex ualues and open lower sections from a compact, convex subset of a Hausdorff topological vector space into itself, admits a continuous selector.
We recall the definition of radial continuity from [14, Def.16]: Suppose that is a preference relation defined on a cone P of a linear topological space E. If for each x, y ∈ P , the set {λx|λ ∈ R + : y λx} is closed, the preference relation is radially lower semicontinuous. If for each x, y ∈ P the set {λx|λ ∈ R + : λx y} is closed, then is radially upper semicontinuous. If is radially lower and radially upper semicontinuous, then is radially continuous.
We also recall the statement of the [14, Th.17], regarding continuity of Marshallian demand correspondence, in case where its values are non-empty:
Suppose that in a competitiue exchange economy the commodity-price duality is the dual system E, F , where E is a normed space and F a subspace of E * and suppose also that the consumption set is a σ(E, F )-closed cone C of E. If the positive part U + = U ∩ C of the unit ball U + of E is σ(E, F )-compact and the cone P has a norm-bounded budget set, then for any σ(E, F )-upper semicontinuous and σ(E, F )-radially lower semicontinuous preference relation of C, the demand correspondence of u is norm-to-σ(E, F ) upper hemicontinuous.
Consider an exchange economy on some Hilbert space, whose total endowment is e ∈ H + . We suppose that e defines a bounded base. Theorem 3.3. Consider a closed cone C in some Hilbert space H and a bounded base B e of it. Any norm-to-weeak upper hemicontinuous correspondence z : B e → 2 H with non-empty, convex, compact ualues satifies the weak Walras law:
Then the set of equilibrium prices {p ∈ B e |z(p) ∩ C 0 } is weakly compact and non-empty.
Proof. We may follow the lines of the proof of the equilibrium theorem in [7] , as it is also presented in [4, Th.18.17] , in the case of a Hilbert space, since H ∼ = H * . The set of equilibrium prices is a closed subset of the base B e , from the upper -hemicontinuity of z. But since B e is a weakly compact set of H, the set of equilibrium prices is also a weakly compact set. In order to proue that it is a non-empty set, we suppose that the set is empty, hence for any p ∈ B e , there exists a functional k ∈ H * ∼ = H, k = 0, such that
since C 0 is a wedge. Also, since k = 0, it may taken to lie on the base B e . Hence, a new correspondence is defined by K : B e → 2 H , such that
K has non-empty, convex ualues for any p. Also, if
, where also we may define another correspondence φ : B e → 2 H , with φ(p) = C 0 , p ∈ B e . Since z is upper hemicontinuous and the correspondence φ(p) = C 0 , p ∈ B e is also upper hemicontinuous, the set k
is a neighborhood of p, contained in K −1 (p). Hence, by the Browder's Selection Theorem, a continuous selection
From Brouwer Fixed Point Theorem, there exists some fixed point of the weakly continuous function k : B e → B e , since B e is weakly compact. For this fixed point p 0 such that p 0 = k(p 0 ), p 0 · z > 0 for any z ∈ z(p 0 ), a contradiction, because weak Walras law is satisfied by z for any p ∈ B e . Hence the set of equilibrium prices is non-empty.
Hence, according to the [14, Th.17] we take the following:
If in a competitive exchange economy, the commodity-price duality is the dual system H, H , where H is an infinite -dimensional Hilbert space, and the consumption set is a weakly closed cone C of H, and the total endowment e of the economy defines a norm-bounded budget set, while the preferences of the consumers are concave, weakly upper semicontinuous and weakly radially lower semicontinuous, then the set of equilibrium prices {p ∈ B e |z(p) ∩ C 0 } of the excess demand correspondence z : B e → 2 H is weakly compact and non-empty.
Appendix-Ordered Linear Spaces and Bases of Cones
Let E be a (normed) linear space. A set C ⊆ E satisfying C + C ⊆ C and λC ⊆ C for any λ ∈ R + is called wedge. A wedge for which C ∩ (−C) = {0} is called cone. A pair (E, ≥) where E is a linear space and ≥ is a binary relation on E satisfying the following properties:
(i) x ≥ x for any x ∈ E (reflexive), (ii) If x ≥ y and y ≥ z then x ≥ z, where x, y, z ∈ E (transitive), (iii) If x ≥ y then λx ≥ λy for any λ ∈ R + and x + z ≥ y + z for any z ∈ E, where x, y ∈ E (compatible with the linear structure of E), is called partially ordered linear space. The binary relation ≥ in this case is a partial ordering on E. The set P = {x ∈ E|x ≥ 0} is called (positive) wedge of the partial ordering ≥ of E. Giuen a wedge C in E, the binary relation ≥ C defined as follows:
x ≥ C y ⇐⇒ x − y ∈ C, is a partial ordering on E, called partial ordering induced by C on E. If the partial ordering ≥ of the space E is antisymmetric, namely if x ≥ y and y ≥ x implies x = y, where x, y ∈ E, then P is a cone. E denotes the linear space of all linear functionals of E, while E * is the norm dual of E * , in case where E is a normed linear space. Suppose that C is a wedge of E A functional f ∈ E is called positive functional of C if f (x) ≥ 0 for any x ∈ C.f ∈ E is a strictly positive functional of C if f (x) > 0 for any x ∈ C \ {0}. A linear functional f ∈ E where E is a normed linear space, is called uniformly monotonic functional of C if there is some real number a > 0 such that f (x) ≥ a x for any x ∈ C. In case where a uniformly monotonic functional of C exists, C is a cone. C 0 = {f ∈ E * |f (x) ≥ 0 for any x ∈ C} is the dual wedge of C in E * . Also, by C 00 we denote the subset (C 0 ) 0 of E * * . It can be easily proved that if C is a closed wedge of a reflexiue space, then C 00 = C. If C is a wedge of E * , then the set C 0 = {x ∈ E|x(f ) ≥ 0 for any f ∈ C} is the dual wedge of C in E, whereˆ: E → E * * denotes the natural embedding map from E to the second dual space E * * of E. Note that if for two wedges K, C of E K ⊆ C holds, then C 0 ⊆ K 0 . If C is a cone, then a set B ⊆ C is called base of C if for any x ∈ C \ {0} there exists a unique λ x > 0 such that λ x x ∈ B. The set B f = {x ∈ C|f (x) = 1} where f is a strictly positive functional of C is the base of C defined by f . B f is bounded if and only if f is uniformly monotonic (for the proof of this, see [14, Pr.2] ). If B is a bounded base of C such that 0 / ∈ B then C is called well-based. If C is well-based, then a bounded base of C defined by a g ∈ E * exists (for the proof of it, see [11, Pr.3] ). If E = C − C then the wedge C is called generating, while if E = C − C it is called almost generating. If C is generating, then C 0 is a cone of E * in case where E is a normed linear space. Also, f ∈ E * is a uniformly monotonic functional of C if and only if f ∈ intC 0 , where intC 0 denotes the norm-interior of C 0 (for the proof of it see [9, Pr.3.8.12] ). If E is partially ordered by C, then any set of the form [x, y] = {r ∈ E|y ≥ C r ≥ C x} where x, y ∈ C is called order-interval of E. If E is partially ordered by C and for some e ∈ E, E = ∪ ∞ n=1 [−ne, ne] holds, then e is called order unit of E. If E is a normed linear space then if every interior point of C is an order-unit of E. If E is moreouer a Banach space and C is closed, then every order unit of E is an interior point of C.
